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Z0-boson production at low transverse momentum offers an unique opportunity to explore the
non-perturbative Sudakov factor. In this paper, we employ three parameterizations of the non-
perturbative Sudakov factor to calculate the φ∗-distribution and compare our results with the ultra
precise experimental data. We extract the free parameters in each parameterization with a χ2
analysis. The parton-momentum-fraction dependence of these free parameters is also studied by
comparing the values extracted at different collision energies and different rapidity ranges.
I. INTRODUCTION
In the collinear factorization framework, multiple soft
gluon radiation, namely parton shower, contributes to
large logarithms that destroy the predictive power of per-
turbative expension. A systemic resummation of these
logarithms at all orders in QCD, i.e. Sudakov resum-
mation, is thus vital in calculating observables that are
sensitive to the parton shower effect.
The Sudakov resummation formalism was first estab-
lished for dihadron production in e+e− annihilations and
Drell-Yan process [1–3]. Recently this formalism was also
extended to more complicated processes, such as semi-
inclusive deep inelastic scatterings (SIDIS) and dijet pro-
duction in pp collisions [4–7], where soft gluons can be
radiated from initial state and final state partons.
Besides these charming therotical progresses, the appli-
cations of Sudakov resummation in phenomenology have
also obtained great success. In Refs. [8–10], it has been
employed to study the cold nuclear effect in pA collisions.
In Refs. [11–14], it has been used to extract the jet trans-
port coefficient in the quark-gluon plasma in the relativis-
tic heavy-ion collisions. Recently, Sudakov resummation
has also been incorporated into the dilute-dense factor-
ization to probe the gluon saturation physics [6, 15–19].
In those studies, Sudakov resummation establishes base-
lines for observables in pp collisions. On top of that,
relevant effects in pA or AA collisions can then be inves-
tigated. The uncertainties in the Sudakov resummation
can also propagate into the final results and may have
some impact on the conclusion. Therefore it should be
dealt with carefully.
The Sudakov factor, which is the most essential ingre-
dient of the Sudakov resummation, consists of a pertur-
bative part and a non-perturbative part. The perturba-
tive part resums the large logarithms which can be calcu-
lated up to leading logarithm (LL) accuracy or next-to-
leading logarithm (NLL) accuracy without any ambigui-
ties. The non-perturbative part can only be determined
by the experimental measurements and therefore brings
vagueness in the theoretical evaluation. Thanks to the
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universality [20, 21], such uncertainty can be significantly
reduced through a global analysis.
On the other hand, in connection with the transverse-
momentum-dependent factorization (kt-dependent frac-
torization) framework [4, 5], the non-perturbative Su-
dakov factor can be considered as the Fourier transform
of the transverse momentum distribution at the initial
scale, while the perturbative Sudakov factor evolves this
distribution to the resummation scale. The study of non-
perturbative Sudakov factor can also help us to draw the
three-dimension picture of hadron.
Several parameterizations [22–25] have been proposed
for the non-perturbative Sudakov factor, where the val-
ues of the corresponding parameters are extracted from
a global analysis to the expermental measurements for
SIDIS [26, 27] and Drell-Yan process [28–35]. In general,
the transverse momentum spectrum of the Z0-boson pro-
duction in pp collisions at low transverse momentum (qT )
[31–35] is included in the analysis as well. However, it is
still far from being the decisive factor due to the follow-
ing two reasons. First, the uncertainty in the experimen-
tal measurement on the the qT -spectrum of Z
0-boson is
normally very large. Second, the Sudakov factor is over-
whelmed by the perturbative logarithms which make the
qT -spectrum not very sensitive to the non-perturbative
physics.
A new observable, φ∗, has been proposed in [36, 37]
for Z0-boson production to optimize the previous mea-
surements on the qT -distribution recently. The uncer-
tainty in the φ∗ distribution mainly arises from the statis-
tics instead of the detector’s energy resolution which is
the dominate contribution to the error bars in the qT -
distribution. It has been shown in Refs. [38, 39] that
the measurements on the φ∗-distribution are extremely
precise. Therefore it becomes possible to explore non-
perturbative Sudakov factor from Z0-boson production.
In most of the parameterizations [22–25] of non-
perturbative Sudakov factor in the market, the free pa-
rameters are usually assumed to be functions of the par-
tonic center-of-mass energy, Q, and a combination of par-
ton momentum fractions, x1x2. Unlike the case for low
energy Drell-Yan process, Q = MZ is fixed for Z
0-boson
production at low-qT since the Z
0-pole is quite steep.
Thus, we have removed one variable from the function
and can simply study the parton momentum fraction de-
ar
X
iv
:2
00
9.
06
51
4v
1 
 [h
ep
-p
h]
  1
4 S
ep
 20
20
2pendence. This unique feature has granted Z0-boson pro-
duction an irreplaceable advantage in the study of non-
perturbative Sudakov factor.
This paper is organised as follows. In Sec. II, we
demonstrate the formalism to calculate φ∗-distribution
of Z0-boson production in pp collisions. In Sec. III, we
show the parameterizations of non-perturbative Sudakov
factor. In Sec. IV, we present the numerical results. A
summary is given in Sec. V.
II. FORMALISM
The Sudakov resummation formalism of the differential
Z0-boson production cross section at low-qT in pp colli-
sions has been established by Collins, Soper and Sterman
[3] decades ago and a lot of phenomenological researches
have been carried out since then [19, 22–25, 40–51].
In the qT -measurements, the uncertainty mainly arises
from the energy resolution of the detectors. To improve
the precision, φ∗ is proposed as a novel observable to
be measured in experiments. This new observable can
be easily measured from the polar and azimuthal angles
of the final state dilepton. We only need to make sure
that the invariant mass of the final state dilepton pair
is at around Z0-pole, while the exact value of qT is not
needed. Therefore the precision is mainly limited by the
statistics.
At low-qT limit, φ
∗ ' |qyT |/MZ measures one com-
ponent of the transverse momentum. Therefore, it is
quite straightforward to derive the φ∗-distribution which
is given by [19]
dσ
dydφ∗
=2MZ
∫ ∞
−∞
db⊥
2pi
4pi2α
3s
cos(|b⊥|MZφ∗)∑
a,b,i
Q2i¯ie
−Ssud(MZ ,|b⊥|)
∫
dξ1
ξ1
Ci(¯i),a(x1/ξ1)fa/A(ξ1, µb)∫
dξ2
ξ2
Ci¯(i),b(x2/ξ2)fb/B(ξ2, µb), (1)
where, fa/A(ξ1, µb) is the collinear parton distribu-
tion function (PDF) [52] with x1,2 = MZe
±y/
√
s
the parton momentum fraction and Ci,a(x1/ξ1) =∑
n=0 C
(n)
i,a (z = x1/ξ1)(
αs(µb)
pi )
n the coefficient function
which can be calculated perturbatively [3, 22, 43], Q2
i¯i
=
(1−4|ei| sin2 θW )2+1
16 sin2 θW cos2 θW
is the coupling constant, where i¯i la-
bels a pair of quark and anti-quark with the same flavor,
and µb = 2e
−γE/|b⊥| with γE = 0.5772 the Euler con-
stant. At the α1s order, the coefficient functions are given
by
C
(0)
i,j (z) = δijδ(z − 1), (2)
C
(0)
i,g (z) = 0, (3)
C
(1)
i,j (z) = δij
(
2
3
(1− z) + δ(z − 1)(pi
2
3
− 8
3
)
)
, (4)
C
(1)
i,g (z) =
1
2
z(1− z). (5)
Sudakov factor is an integral over the scale from µb
to MZ . In phenomenology, we usually need to intro-
duce the b∗-prescription to prevent this integral from
going to the non-perturbative region. By setting b∗ =
|b⊥|/
√
1 + b2⊥/b2max and µb = 2e
−γE/b∗ > 2e−γE/bmax,
with bmax = 0.5 GeV
−1 the infrared cutoff, the non-
perturbative sector is discarded from the integral. It is
a common practise to add a non-perturbative Sudakov
factor to take into account the missing effect. Therefore
the Sudakov factor in Eq. (1) becomes
Ssud(MZ , |b⊥|) = Spert(MZ , |b⊥|) + Snp. (6)
The perturbative Sudakov factor at the next-to-leading-
logarithm accuracy is given by
Spert =
∫ M2Z
µ2b
dµ2
µ2
2
[
ln
M2Z
µ2
(A1 +A2) +B1
]
, (7)
with A1 = CF
αs(µ)
2pi , A2 = CF
α2s(µ)
4pi2 [(
67
18 − pi
2
6 )CA − 69Nf ]
and B1 = − 32CF αs(µ)2pi , where CF = 4/3 and CA = 3 are
the color factors. The non-perturbative Sudakov factor,
Snp, is still yet to be extracted.
We note b∗-prescriotion is not the only method which
can be employed in phenomenology. Other approaches
to bridge the large logarithms at small-b⊥ and the non-
perturbative physics at large-b⊥ also exist. See the dis-
cussion in Ref. [43] for an example. In this work, we stay
in the context of b∗-prescription.
III. PARAMETERIZATION OF
NON-PERTURBATIVE SUDAKOV FACTOR
Several parameterizations of the non-perturbative Su-
dakov factor are available by far. We summarize the
general forms in the following.
• The Davies-Webber-Stirling (DWS) parameteriza-
tion [22]:
SDWSnp = (g1 + g2 ln
Q
2Q0
)b2⊥. (8)
• The Brock-Landry-Nadolsky-Yuan (BLNY) pa-
rameterization [23]:
SBLNYnp = (g1 + g2 ln
Q
2Q0
+ g3 ln(100x1x2))b
2
⊥, (9)
• The Sun-Isaacson-Yuan-Yuan (SIYY) parameteri-
zation [24]:
Snp = g1b
2
⊥ + g2 ln
Q
Q0
ln
|b⊥|
b∗
. (10)
3• The Ladinsky-Yuan (LY) parameterization [25]:
SLYnp = (g1 + g2 ln
Q
2Q0
)b2⊥ + g3 ln(100x1x2)|b⊥|. (11)
In the above parameterizations, gi and Q0 are free pa-
rameters. For Z0-boson production, Q = MZ is sim-
ply a constant and x1x2 ' M2Z/s at low transverse mo-
mentum. Therefore, the Q and x1x2 dependences in the
above parameterizations can be translated into the
√
s-
dependence.
To summarize, both the DWS and the BLNY parame-
terizations adopt a pure Gaussian form, except the coeffi-
cient in the BLNY parameterization depends on
√
s while
that in the DWS parameterization does not. The LY pa-
rameterization adds a linear term to the pure Gaussian
form while in the SIYY parameterization, a logarithmic
term is included. In this paper, we employ the following
three forms of parameterization,
SGaussiannp = ga(Q = MZ ,
√
s)b2⊥, (12)
SGaussian+Lognp = ga(Q = MZ ,
√
s)b2⊥
+ gb(Q = MZ ,
√
s) ln
|b⊥|
b∗
, (13)
SGaussian+Linearnp = ga(Q = MZ ,
√
s)b2⊥
+ gb(Q = MZ ,
√
s)|b⊥|. (14)
Here, the Q and x1x2 dependences have been absorbed
into ga and gb. For instance, in the DWS param-
eterization, gDWSa = g1 + g2 lnMZ/2Q0 and in the
BLNY parameterization, gBLNYa = g1 + g2 lnMZ/2Q0 +
g3 ln(100M
2
Z/s). Although this work will not reveal in-
formation on the Q-dependence of these free parameters,
we can study the
√
s-denpendence in great detail since
we have literally eliminated all the other variables.
IV. NUMERICAL RESULTS
In this work, we calculate the φ∗-distribution of Z0-
boson production in pp collisions with a set of values for
the free parameters and compare the results with the ex-
perimental data measured by the D0 collaboration [39]
at Tevatron and the ATLAS collaboration [38] at the
LHC to obtain the corresponding χ2 values. The abso-
lute magnitude of the differential cross section also de-
pends on the uncertainty in the collinear PDFs which
does not interest us. In this work, we only compare the
self normalized distribution which is mainly controlled by
the Sudakov factor.
A. Gaussian Fit
We first show our results with the simple Gaussian
parameterization in Fig. 1. At the LHC energy [38],
the value of χ2 hits the minimum at around ga(Q =
Gaussian
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FIG. 1. χ2 as a function of ga(Q = MZ ,
√
s) in the Gaussian
fit.
MZ ,
√
s = 7 TeV) ' 2.5 GeV2. This value is larger
than that extracted with the DWS parameterization in
Ref. [23] which gives gDWSa (Q = MZ) = 1.8 GeV
2, but is
smaller than that extracted with the BLNY parameteri-
zation [23] which gives gBLNYa (Q = MZ ,
√
s = 7 TeV) =
3.0 GeV2.
The measurements of D0 collaboration [39] are per-
formed in three rapidity ranges. In a more for-
ward/backward rapidity region, the statistics become
smaller and therefore the χ2 curve turns into flatter.
Nonetheless, all three χ2-curves show that the minimal
value of χ2 resides at the vicinity of ga(Q = MZ ,
√
s =
1.96 TeV) ' 3.0 GeV2, which is larger than the value
extracted from the ATLAS measurement. This shows ga
in the Gaussian fit indeed depends on
√
s or, in another
word, x1x2. However, in the BLNY parameterization,
gBLNYa (Q = MZ ,
√
s = 1.96 TeV) = 2.7 GeV2, which il-
lustrates an opposite tendency. We shall not jump the
gun to conclude which one is better, since only two exper-
imental measurements have been discussed here. But this
study has already demonstrated the exceptional poten-
tial of exploring non-perturbative Sudakov factor from
Z0-boson production. We expect more data to be re-
leased at different collision energies in the future and this
issue will get clarified then.
It is also interesting to note that ga in the Gaussian fit
is rapidity irrelevant. This indicates that the only possi-
ble candidate of parton momentum fraction dependence
of ga is x1x2 instead of x
λ
1 + x
λ
2 . A similar feature has
also been observed in Ref. [24].
The χ2 values are very large in Fig. 1. This is mainly
because the experimental data are extremely precise. We
show our results in this Gaussian fit compared with the
ATLAS data [38] in Fig. 2.
B. Gaussian+Log Fit
In the SIYY parameterization [24], an additional loga-
rithmic term is employed. In their extraction, bmax = 1.5
4√
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FIG. 2. Self-normalized φ∗ distribution calculated with the
Gaussian fit compared with ATLAS data [38].
GeV−1, which is larger than the value we are currently
using. Effectly, more effects have been deposited into the
perturbative Sudakov factor in their study and a direct
comparison to our work is inappropriate. For consistency
of this paper, we will still utilize bmax = 0.5 GeV
−1 in
the Gaussian+Log fit.
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FIG. 3. χ2 as a function of g1 and g2 in the Gaussian+Log
parameterization.
In Fig. 3, we show our χ2-plots at
√
s = 1.96 TeV
and
√
s = 7 TeV in the Gaussian+Log parameteri-
zation. The values of χ2 are represented by different
colors. The D0 data [39] at different rapidities have
well confined the minimal χ2 values in the same lake
where ga(Q = MZ ,
√
s = 1.96 TeV) ' 1.3 GeV2 and
gb(Q = MZ ,
√
s = 1.96 TeV) ' 1.4. There is no ra-
pidity dependence in these parameters. At
√
s = 7
TeV, ga grows much larger and gb declines to negative.
We obtain ga(Q = MZ ,
√
s = 7 TeV) ' 3.9 GeV2 and
gb(Q = MZ ,
√
s = 1.96 TeV) ' −0.9. The difference be-
tween the best fits in these two experiments reveals the√
s-dependence, or x1x2-dependence equivalently speak-
ing, of these two free parameters.
In the language of kt-dependent factorization, the
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FIG. 4. Non-perturbative Sudakov factor in the Gaus-
sian+Log fit and its Fourier transform.
Fourier transform of the non-perturbative Sudakov factor
can be interpreted as the quark transverse momentum
distribution at the initial scale. Although the negative
logarithmic term is quite small, it still breaks the posi-
tivity of distribution at large transverse momentum. In
Fig. 4, we show the non-perturbative Sudakov factor in
the Gaussian+Log fit and its Fourier transform which be-
comes negative at pT ≥ 7.4 GeV. However the violation
only occurs at the initial scale and the magnitude is so
small that it is barely visiable with naked eye. The con-
tribution to the final results from the non-physical region
should be negligible. Therefore, the parameters extracted
here can still be employed in the future studies.
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FIG. 5. Self-normalized φ∗ distribution calculated with the
Gaussian+Log fit compared with ATLAS data [38].
In Fig. 5, we show our results in the Gaussian+Log fit
compared with the ATLAS data [38]. If the strict pos-
itivity constraint is enforced, gb cannot be negative and
then we find the minimal χ2 locates at ga(Q = MZ ,
√
s =
7 TeV) = 2.5 GeV2 and gb(Q = MZ ,
√
s = 7 TeV) = 0
which is the same with that in the pure Gaussian fit.
C. Gaussian+Linear Fit
Finally, we show the 3D χ2 plots calculated with the
Gaussian+Linear fit in Fig. 6 at
√
s = 1.96 TeV and√
s = 7 TeV. The χ2 value finds its minimum at the
pond where ga(Q = MZ ,
√
s = 1.96 TeV) ' 1.8 GeV2
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FIG. 6. χ2 as a function of g1 and g2 in the Gaussian+Linear
parameterization.
and gb(Q = MZ ,
√
s = 1.96 TeV) ' 0.5 GeV at all three
rapidities of the D0 measurements. The values extracted
in this work are slightly different with those in Ref. [25],
which gives gLYa (Q = MZ ,
√
s = 1.96 TeV) = 2.1 GeV2
and gLYb (Q = MZ ,
√
s = 1.96 TeV) = 0.25 GeV, and also
are different with those in a more updated work [23],
which gives gLYa (Q = MZ ,
√
s = 1.96 TeV) = 1.9 GeV2
and gLYb (Q = MZ ,
√
s = 1.96 TeV) = 0.046 GeV.
At
√
s = 7 TeV, a bulky χ2-analysis shows that ga
becomes much larger and gb turns into negative. We
obtain ga(Q = MZ ,
√
s = 7 TeV) ' 3.2 GeV2 and
gb(Q = MZ ,
√
s = 7 TeV) ' −0.3 GeV. However, if the
non-perturbative Sudakov factor is interpreted as the in-
trinsic transverse momentum distribution of quark, this
negative linear term slightly violates the positivity of the
distribution at large transverse momentum. In light of
the strict positivity constraint, the minimal χ2 value lo-
cates at gb = 0 GeV. This Gaussian+Linear parameter-
ization becomes the de facto Gaussian form at
√
s = 7
TeV again.
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FIG. 7. Non-perturbative Sudakov factor in the Gaus-
sian+Linear fit and its Fourier transform.
Similar to the case in the Gaussian+Log fit, the magni-
tude of this violation is very small. In Fig. 7, we show the
non-perturbative Sudakov factor in the Gaussian+Linear
fit and its Fourier transform. The Fourier transform be-
comes negative with a tiny absolute magnitude at pT ≥ 8
√
s = 7 TeV
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FIG. 8. Self-normalized φ∗ distribution calculated with the
Gaussian+Linear fit compared with ATLAS data [38].
GeV. This non-physical region has little impact on the
final results. In Fig. 8, we show our results in the Gaus-
sian+Linear fit compared with the ATLAS data [38].
V. SUMMARY
Although the differential cross section of Z0-boson pro-
duction is not very sensitive to non-perturbative physics,
the ultra precise φ∗-distribution still provides an indis-
pensable opportunity to explore the non-perturbative Su-
dakov factor.
In this paper, we employ the Gaussian, Gaus-
sian+Log and Gaussian+Linear parameterizations of
non-perturbative Sudakov factor and extract the corre-
sponding free parameters with a χ2-analysis. In general
we find the values of the χ2 in the pure Gaussian fit
are the largest since there is only one degree of freedom.
Adding a linear b⊥-dependent term to the pure Gaussian
fit can significantly reduce the value of χ2 which shows
this Gaussian+Linear fit is the best form of parameteri-
zation so far. The χ2 value can be further reduced as long
as more degrees of freedom are introduced. This data-
driven analysis is another topic that can be proceeded
once more data are available.
In the Gaussian fit, we find ga ' 3.0 GeV2 at
√
s =
1.96 TeV and it becomes smaller at
√
s = 7 TeV which
gives ga ' 2.5 GeV2. In both Gaussian+Log and
Gaussian+Linear fits, ga becomes larger and gb becomes
smaller at a larger
√
s. In the Gaussian+Log fit, ga ' 1.3
GeV2 and gb ' 1.4 at
√
s = 1.96 TeV and ga ' 3.9 GeV2
and gb ' −0.9 at
√
s = 7 TeV. In the Gaussian+Linear
fit, ga ' 1.8 GeV2 and gb ' 0.5 GeV at
√
s = 1.96 TeV
and ga ' 3.2 GeV2 and gb ' −0.3 GeV at
√
s = 7 TeV.
However, all these parameters have no rapidity-
dependence, which indicates that the only possible can-
didate of parton momentum fraction dependence of these
parameters is x1x2 rather than x
λ
1 +x
λ
2 . This observation
is consistent with that in a previous study in Ref. [24].
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